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2 3 Pythagorean Triples

def pythagorean Triples lab c

primitive pythagorean triple PPT
La b c PETERMEEN

ÉITY
P 13.415 15 12 133 1 9 8

É

hi
pythagorean triples Theorem

a b c Cst It Igt
stat

Ey Sta
proof Let a odd b even

ÉtÉÉ Leb Cab

prove c b ctb have no common factors

Let d o b n dlab
i d ctb cc b
dIcebi co b

d a
dub

i b c has no commonfactor
ind l or d 2

i'd la b cab a na is odd

i d l Cob let b has no commonfactor
prove c b ctb are both squares

y

i BYMo square ctb s c b t

c ft b ft
i a Feb st






































































































Theorem

Every point onthecircle x'y't can beobtained fromthe formula
ixy FM Fm

proof atb'c
4511 1

Let L Y MGtl

Fty m xx SM Xy 1
At Imixti 1

IMF XT2mA ni 1 IO
x EY y mix 1 m

ixy TW E

Tree ofprimitive pythagorean triple






































































































8 Congruence

def congment
a congruent to b mod m

a b land in

property

are bi land m a Ian bit by land m
Az by modm a an E biba Lmd m

Linear Congruence Theorem LCT
Let a c m t 21 Mal g ged la m
is gtc axecund m has no sol

glc ax Echmodm has gY incongruent sol
How to find sol

off 484 Luv iEnkautmV g
Xo YX xotkg Lmodm7kefo 1 ii.g i

ep 449437 381 Land767
god1943,25767 23 234381 NoSul

ep BY 893 266 mod2432
god1893,2432 19 4 893424320 19 194Sol
DHAY Lu V 47919 266719 14

X Y 1106 406 893 24324 266

8937 266 mod2432

Xo 1106 X 11064 K Kt 0 I 18

god la m l axe cemodm 4774 X ta Lmodm
d






































































































Polynomial Roots modp theorem

fix aoxdtaixd.lt ad del p tprime pta
fix I 0 landp has atmost d sols






































































































9 Fermat's little theorem

Fermat's little theorem FUT

pta a I modp
Lemma

pta a za p 1 a modp891 2 p D Y Lmdp 28AAA orderThehits

proof A a La Sa Lp1 a ja EA kata
Letallelements inA is divisible by p ja kalmodp

ply b a ipta i plyks
Kj kept it kept
Pt With prepaidGo 1514 0

Ya za Ip 1 a mod
p 1.2 i GD mody

i a za n
sputa I 1 2 CpD Lmodp

at up 1 Cp1 Lady
at II modp






































































































10 Euler's Formula

9cm AYE maymeta 823 3 a Iea em ngedca.ms I

Euler's formula

god ca m at'm I end m

ep

1 3 7 9 nod10

7 1 7Wmd6573 1 Lod10
77 9mod107 7 973mod10
1 7 3 17 7 79 1 3 7.9 hod no
74 7.97 1 7 9 modo

7 I amodio

godLa m I b a bra byam a candm

t

I bi bi byam emodm KINDA Corderhits

proof i betMETE i abGm29
i brabra bsa in beguna landmiff babs boom Landin Yg

FAYlistTHEFT bja bra mod m
mlebjby a
m a are ZE t m bj ble
I lebj.beem lbj bk em I
ofingonith absolute value strictly less than m which divisiblebym

i bj bk 5mglist in's4 off






































































































11 G function CRT

as ofpts pkplat ka
b gademin I damn gungun

Y

iii
op Of12401 91743 74 73 2058

god114.15 1 9114.157 9447945 6 8 48

1 3.59.11.13

gademin I I Teddy 2Ayay Osx mn

ep godin 1931 649 Edd

let x ily 8
114 8 3 mod19 Ily 14Lmd19

41 3and19 X 114,48 11 3 8 41

proof 772174 x 3 mod19 solutionEyFatty myth

my c bimodal
i gedemin I
i REY solHatosy.cn byLaI

Xi mytb 10 Ex Mn Oyen






































































































16 Successive Squaring

Successive
squaring 171844 atcandm

1 4448ifpowerof a in if
2 Asuccessive squaring 9531Y powerofmodularToffs

3 Akenrodm

ep compute 9 unod677

53 25 24 2220
1 953 932916949
2 9 9 Cured67

IIEgg I É É's and on
35 g

Unod 67
lewd07

3 953mod677 9329 949 Lund67

9 5635 119 twod67
A hod07






































































































17 Compute 4th root mod m

Myfath rootsmod m
EWgodubm I godokMums I fix s.t.xkblmo dmix XXmique.at
F'fun
2 If u u sit KuYimV l ku I ImodofLm
3 XI b modm Asuccessivesquaring44

proof xk but but b'to'm c kndamn D
b bam I bemod m Euler's formula

ep
Solve x 758 mod 1023
1 911073 919391373 28 36 1008

z kn m V l 131u 10080 1

igudck.fm 1 Katy
4 731 V95

3 1 758713 mod10377 Lykx277

ep Solve x 7 mod 15

i 91157 8 god ck.fm gud14,87 4
2 OfXo is asot Xmustbecoprime 3 5

By FLT XI Land37 78 1Lmd5

ByCRT Xo lawd's

147 mod15 i no solution

xkebunodm YHotelKYsolution lessthank solution in congmentclass
Asgodbm 1 xkblmodmi 7MegynYso ep 4 3 6 2 my






































































































so Squares modp
314 p2 Solve a equation and 2 is easy

por hpisodd Yup p1 is even FLOR
Consider

congruence equation Xkb landm I
golubm I god i k ofum L my 14484

b
12

god f find I gI10
Consider

map prime 6 2 g
god 12 p17 2 I 6

5
4Ein HH x a cand p

z
Igilmd's3

describe thispattern as formula

p b p upbtbrblmdJ.pro
fyAtaamuEalpbj b'Cmodp

def quadratic residue modp COR nspEE
A nonzero mm in congment to a squaremodp Ftwx n candp

def nonresidue modp NR

A number notcongruent to a squaremodp

Nas nodis a s gy.g.FI
1139 mod13

ep8684 435 IRS mod13 1 3 4 9 10 123

the






































































































Theorem

Let p be an odd prime Then there are
exactly quadratic residues modp PI nonresidues mod p
Claim For Kieye i j andp i

proof Thequadraticresidues are thenonzero numbers that are squares
mod
p 12 22 i Lp 1 modp

AHA II we onlyneed to gohalfway
1 v E candy

E p27Lp17 candy Lrepeat in reverseorder

check 1 v E are all different numbers modp
Suppose bi b benumber 1 bibilmodple
show bi bu

bi bilmodp
i plbi bi plbi bi bitter
a bitbs is between 2 p t pt bitbs i plbi bi
Ibibut c i Btab beofffloatpHEPA
i 12.2 are different numbers and p
i There are exactly quadratic residues modp

I d due






































































































Quadratic Residue Multiplication Rule I
1 ARXOR OR
2 ARXNR NR
3 NRxNR OR

proof 1 i a art OR

I bibut21 sit at bi azebilmodp
a ku bibi bibs Lmodp

Thus a as is a QR

2 Let a is a QR are bilmodp
ar is a NR

Assume aAr is a QR

prove by contradiction

Yaar is OR
i bi agar biarlmodp
god bi p l pta a bi
i 7 a sit ab I modp LOT

Cib via.az candy

Labtar Lmodp

an modp
a cabs Lmodp is a QR
contradicts to au is NR

So QRxNR NR

3 Let S 1 2 ni p I
A at S a is a OR 13 a es a is an NR






































































































I 3

S A UB IAI 1131 51

Claim Let a EZ pta a S S imodp
i e ait ai 2 aicpis I 1 2 i i p i andp

proof It is done fromthe poof of FIT
a A a a a is a QR CatB

B Lundp since IA1 1131

a B a SIA
a S a A
SI B

A Candy

Fagin fight OR 1 NR 1 Fata
Legendre symbolof a modp g I a is ORmodp

a is NR modp

ep 37 1 143 1 4 a G A

Quadratic Residue Multiplication Rule I
Let p be an oddprime

Then
f f f

ep 75 is a square
modulo 97

47 5 1471 6 1 n

i 102 3 Lund97
i b is a QR






































































































4 Is 1 2 Square Modulo p
Euler's Criterion

Let p be an oddprime at21 pta
at f modp

Q What is f XE l lawdp
p 3 4 1

p s F 51 14 I

p 3 5 7 11 13 17 19

XE Iemodp NR OR NR NR OR OR
23 5,8 4,13

if p I mod4
Observation f 1 if p 3 und47

Ingeneral can we find a formula for t in termsof a p
Consider A at pta
What is the value ofA Lmdp
at I modp
A I modp
A II modp
txt I Cmodp only has 2 solutions modp

proof Suppose a is a QR abomodp

By FIT at b b I emodp Y
Thus a is a OR implies É f landp
de






































































































Consider the congruence X 1 0 Landp
i
everyup is a sol to A

a has at most sols modp

On the otherhand thereare exactly Ops

Hence solutions to X 1 0 modp Ups andp
Suppose a is a NR Fey tells us 974 1 andp
at1 0 modp
atty att 0 modp
Since a is anNR 9 1 O lawdp
Thus a 1 0 modp

a 1 f modp is

prove Using primitiveroots

Let at Z pta
casel a is a QR f

We know Ira is even i.e I la L k 21
a g g't modp g is a primitive root modp
at Cg Lgbt Il imodp f

ibyFM

case 2 a B an NR F 1

We knowthat Lia is odd i e Iia ka kex

aginego mody

at gutty Igt g g cmdp

get I smodp

gt 1 0 emodp

g 4 9 1 0 body






































































































g s g I
ig is a primitive root

i g't I emodp
g t 0 cudp 9 1 0 modp
So g't 1 11 amdp

Quadratic Reciprocity 1 mod4

Let p bean oddprime

p 3 mode
t is a quadratic residue modpP Cmd4
y is a nonresidue modp

AtLegendre symbol

F
l if p I land4

if p 3 lawd4
proof

ByEuler's Criterion L I f undp
Caselpetland47
Let p 4kt Let p 4kt
4 aye

he p 3emody

H 4341 1
I pt welp 1 17 undp

1 or I i p l a f i

p mod4

Prime I Lmd4 Theorem

There are a primes congruent to I mod4

d I






































































































Quadratic Reciprocity I mod81
Letpbe

oddprime

if p I 1mod8 11,7
ThenEp 1 178 y if p t.simods 13.5

proof
Consider 21 2 2 2 or Zi kick
We would like to count howmany Zi Kitt greaterthat

Instead there are LI Y i sit Zi at
Number B Ltd
By Gauss Criterion 1 7 4

case1 p t I land8 past11 kex

Lt Ht Ly tuft Little

EE
WE k 1441 86724 0body

cases p tb
mods p 8143 kez

E LY É L I Luk E

FEY It andy
It 4491 8k blot body

i 2 is a quadratic residue forany primep that is congruent to 7mods






































































































22 23 Quadratic Reciprocity Proof

Cha 483 F L17 F L 17

Aftab q up q are distinct primes writhe

ex Compute

F É E I I Cpdnet rules

L l 1 H g
ex Compte g

It is much easier to compute I
E I 7 1 4 mods

p 2 3 mods

p 3 5 7 11 13 12 19 23 A
E t t t t

F t

t t t t

t t t t t t I

I E
ex Compute Y
p 3 5 7 11 13 12 19 23 I

I t t t t t t I I

F i t t t t t t t

14 p
ep p 7 39 6 and

I 1 6Land7 E I
t.ba 1lmod7

y






































































































IGauss Criterion

Let p be odd prime at 21 pta
Takemembers a La E a and reduce bymdp toget numbers
between É
if strshtiyesidues co then p L 1

s

f 4
Ma P Mlap its ofLa za E a

thatbecomenegative whenreducedbymodp

Lemma23.3

Let pbean
odd
primeand a be an odd it pta

Then f L 1Map which ÉLESEncep modu

proof Consider thereduced residues of a ra I la
lyingbetween E n ELet u us bethose lessthen 0

Vi out bethose greater than0

By Gauss Criterion q CD

To prove thislemma we onlyneed to show Sgtcap mod 2

Thedivision algorithm tells us

that Ejeja pL I try crj espthe Um

Add ofthis sort

Éja Ép Lt Icp we I Um
p É 1 E cptnestfumo

Éjj E net É Vt
o o É jca npTla.pltpst2eIdeD
xrOETLa.p 5 0 umodu

Tat is even p isodd r S Tca p mods






































































































Conjecture

If petmod4 v q I und 4 Then f Pg

If p 3 mod4 V q 3Lund4 Then H Pg

Law of Quadratic Reciprocity

Let p qbe a distinct odd primes ThenHq f L 1

Pg Egg if 1 1 CmdD or getcandy

if peg 3 Cmd4

ep E É L 1 I 1 I ID 1 1
1 Go is not a QR

proof ByLemma we need to show

LICE ÉLES ÉLES
Consider thelattice point in the box B Bpq I I J x21 I
latticepts in B B E

Consider the line L qxpy
latticept cmn in B under 2 are cm n quiph CmMEBY
For mel there are L J latticepts in B
Formy there are Ly latticepts in B
Thus thetotal numberof latticepts in B not L is É tf

thetotal numberof latticepts in Babove L is É L I
Latticepts in B E E

lyunder L t lipabove L t lip on L
Let em n be on L m.net Then qmi pn.IT
i p is prime ftp.i.plqm plan
However TIE me i ptm i impossible to havelip on 2






































































































I Compute Fg
bydef Ioof must be a prime

g G Ig
E

E I
É E Y byLOR

E Y
E 4 E
4 I E
L 1 E
t
I

def to






































































































def Jacob Symbol
Let u be an odd positive int n pit path at z

godca n7 1

TheJacob Symbol E E
t

Gm
tm

where fi are legendre symbols

of nip a prime then In p
ie theJacobi Symbol is thesame as the Legendre symbol

B Them

Let n be an odd positive int a bez godlain god ibn 1
Then is a b mod n Q k

ii k 6 E
iii I L 1

in E L 15

E th att

Q Compute Jacobi symbol 1 1
48,3 198 c15 us

L 1 FL Li

CD E3 Fs Ci

L 1 1 3 4 É M u

4 Is i

4 u

t i

I I
I

id






































































































If n p a prime at21 god can

the Legendre symbol f x a landp has a sol

However forgeneral at21 nodd h I can't imply thecongruence eq
a landa has asol h






































































































24 Which primes are sum of a squares

Q Given an equation fix o if fix 0 mod u has a solution

Can wefind a solution of fix o in 21

No

Q Which prime can be written as a sumof 2 squares
Let p be a prime
This question is equivalent to theexistenceofthesolution to x'typ
p 2 3 5 7 11 13 17

Yor N 141 N 142 N N 245 1442

Conj

ofp is an odd prime
p is a sum of 2 squares p I land 4

proof

I Assume p is odd I x ye21 sit x't y z Law of or
iptx ply
i If x pm petty a punt p'm pm

contradiction

thus x y p
x y 0 modp
XE y modp

Ly xv 1 undp sincepty yhasan inversemodp
Lyta 1 modp
G I

pet candy

d d deeat






































































































E Assume p I cod 43 Methodof descent

By congruence equation XE I Lmodp has a sol XoEZ
i e 75 1 modp

7m EZ X temp
x Fmp D

Q Find another pair Lab sit attemp with m M I
Method of descent
A B Mip a'tb mp
A B ME IN

p i z m so

hot
m a be w
MEM

keyidentity ntv AUB At v13 t CoA WB

Q Consider theequality

A't B Mp where p 881 A 387 13 1 Malo
387212 170 881 Find a beIN MCM sit a'tb mp

Steps Write 387412 170 881 170 881

Say u Choose mum with 387 47 mod170 1 1land 1707

47 1st
Note that 47 1 387 1 Land170

47387 1 1 0 Lund1707

Stop3 Observe that 472 1 3872 12 0 and170
So we can write 47 12 170 13

387212 170 881

nut he d






































































































Step 4 multiply them together andset
47 171387412 170 13 88 I

13 2 170 27 132 1 881
Step 5 Use the identity

147 387 1 1 t 147 1 387 177 1702 13 881
3 10742 2 7 3 2 107 2 1321 881

Step6 47387 1 1 0 and 1703
47 1 387 1 0 mod1707

3 107 2.2 0 and 13
z 107 3 2 0 Lund137
Wehave FEI 777 so

Take my CM 13

Proofof descent
Assume A413 Mp A 13MEIN pioldprime
2 Mep1
Find a bmen a tb mp m M

Step1 Write AVB M.p withzemept
Step2

Choosenumber with YEA cuddly

I E U VE I
Notethat a BE vA modM

Step3
Observe that Vtv A't132 0 Land M

So we can write n't v MM

ATB MP






































































































A MI
Since E en.ve IM n'tv's E t E
Thus m EY c M

step4 multiply together

u't v AUB M mp
Steps Useidentity

n'tv A 13 CWATVB tWA UB

1nA B t VA uB M m p
Step6 Dividing M on both sides and we have

FB É mp is






































































































25 Sumof 2 Squares
Which numbers are sumof 2 squares
pity Divide Conquer

m L105 OHYEESquare
Divide If m3745,1792
M 1105 5 13 17

Conquer Yp'sAsumof a squares isEBI
5 2 12
13 3422
17 4412

Unity Mgm't sumof a squares whyif
M 1105 5 13 17

identityItt 342 44T
wer AUB Atv13 tWA 4135

1625 347 42112

332 42

Sumof 2 Squares Theorem
Let m t at
is factor m m ppi p M

m can bewritten as a sumof 2 squares Elypi 2 I pi mode

M 744847m akbr.godca.bz
m odd mint 43 1 mode

m even odd inTHERE1 mod4

p






































































































Pythagorean Hypotenuse Proposition

c is hypotenuse117420 of a primitive Pythagorean triple cab c
c is a productofprimeseach I Lmod4

proof G We know that attic
i La b c is a PPT

i godcabs 1 c is odd

By our thin e is a product ofoddprimes p which 1mods

epcan1479 by hypotenuse of a primitive Pythagorean triple
1479 4 17 29 No

epcan1105 by hypotenuse of a primitive Pythagorean triple
1105 5 13 17 Yes

Let y be an oddprime g be a primitive root modp
Let a be an int pta Lia theindex of a modp withbaseg
Consider the congruence e.g X a modp
case1 X 0 modp

pta impossible

case2 x OCmodp
I x2 I a landp 1
21 Cx I La Landpt
god in p D r u teas by La
Zia iseven a is AR

ex p I 1 3 1 f IT






































































































27 Euler's 0 Sumof divisors
Lemma

iii in.tn
proof n in divisor di du in dr

M in divisor er er n es

godem n I
i mn in divisor djektjtrk.es

Finn IOffer
Eofldj fleek
Cyclistfed.tt fido fleet totes
Fim Fun

Euler'sPhi Function Summation Formula

ofeditofedit a ofLdr n Ld nm E

proof Let fed to dust ofLdr n

Fun ofid ofedit to ldr
Fan F p pal pilot

Fip Fapla n Fiptkt
pike pilot
n

Ftp p Akeprime






































































































Quadratic Reciprocity Part 1

Let pbe an oddprime
Then
f 1 petmodus L i

p 3Cared4

proof ApplyEuler's criterion to a t

F HE emodp
Thus F a

I is even
E at KEE E 2ft Kt Z

in

2 146 2 346

p 3 mod4

Thm

Let p be an odd prime

p c 15 1 Pps'ss Edd

By Euler's Criterion we need to compute at landp
Q What is Y I find

By Euler's Theorem we need to find at 2 mod 113 4 modal

giantFey inbikeFans

Beginwith halfofthe min from 1 to 11
1 2 3 4 5 142

2 4 6 8 10 2 1 2 3 4 5

2 5

take numbers 2,4 6 8 10 and reduce each of them mod11 t
get a numberbetween 5 5






































































































g
2 4 6 8 10

2 4L 5 13 LD
2 4 5 3 1 1473 and11
173 5 Luodu

2 5 4735 mod11

2 L173 Et mod11

Gauss Criterion

Letp be an odd prime at21 pta
Takethe numbers a la i att and reduce eachofthem modp toget
a number lying between E if s is thenumber of resulting
residues less than o Then f 175

proof For Kis Let i a di lady
E e ni z

s is the min of elements hi U less thano

Claim tail lily I UE i u I
proofof claim By counting it is sufficientto

show








































































































28 Powers modp Primitive Roots

exponent at modulo p epa
ep a sym exponent e I sit at 1 modp

yep
la

ep
a Clmodp

711
e 2 3

Ey13 6 71

yed

Ypld La leacp epca d at tableYFitkinkik
ep f CI 9137 243 3 Of262 2

def primitive root modp
Letpbe aprime g t 21 withmy exponent epigs pt

83 is a primitiveroot mod7

IL sand335 twod7

5 1 4

i sv 3
7 1 6
3 5 period 6

de bl






































































































OrderDivisibility Property

pta n dellmodp epla fun
epcalpt
epcastoffp
2 5ATEffdIn TYGAencased

MYprime BY 144 epg p 1

proof by defGet El landp y deepca
Let d god in epias

ByEA Fu ve Z sit epla u nu d
ad alpha u nu

aerial ah

I Gdp
deepla by def epial

hepcat d

PrimitiveRootTheorem

There are

21
primitiveroots nodp apeprimes

ep There are 9110 primitive roots mud it

proof 7Yep1 Yprimitive roots nodp
Let p tnk

FIT FolymnialRootsmodp theorem cthms.nl
HighA'E Men








































































































Artin's Conjecture

There are a p sit 2 is a primitive roots modp

Thegeneralized Artin's Conjecture
at 21 notperfectsquare at 1

There are a Ps sit a is primitiverootsmodp






































































































29 Primitive Roots Indices

aggie
primitive

rootof
def indexof a midP

p 13 getIca indexof modulo p for the baseg

Index Rules theorem

1 ProductRule Ilab I a Icb mod p l

2 PowerRule I ak KILas andp 1

proof

by def we have a g b gaa modp
1 compute g't ab gingabs gila

tab andp
great

2b Iu I modp
epig Iast Iab I lab

yo 1 Il a Iib Icabs

Icab E ILa t Icb modp l
2 Proveby induction

K l
I a Ila modp l

i k I is true

Let Tilak is true

I cat KI la landpD
Prove I Lakt

Ilakt I at a






































































































I
ILak tIia Landpt I proved m is

I k Ila Ila Lmodpi L I H

Ktr Iia imodpt
i Kel is the QED

ep Compute 12 11 lend137
Isnt 11 I 12 In 1 mod18 647 mod12 I Land IV

12 11 2 mod 13

ep Compute
11100wind 133

I 111
n

1001111 mod if thy indexmy

E 100 7 It
mod12

11100 2423 Cmd 13

ep Solve 117 2 Lawd13

i god111 13 0 in 1st x
117 2 Lund 137

Ill x I 12 mod14
1111 I IX E ILD land12

youduetmilesIIEiiisdd t.am
X 12luwd13 11123 6

1888590ft

ep Solve 3
30 4 Land377 p37.9 2

A MA 30117 120 E 12 mod36

T

d






































































































axe mod m
I 3 30 114

go.ka.mil 844I 3 301 X 114 mod36
godcamto Eb30117 2 nudist

In 24 12 mod

god30,36 3 4 12 modest

IN 4 10 16 22 if 34
x it is 9 4 12 28

ep Solve 3
4 11 Lmod 15

p13 q 2

I
Timodi3

2 3 4 5 6 7 8 9 10 11 12
7 10 5 9 11 12 6 3 8 4 2 I

1is Ya Ila I 8 To 5 6 7 8 9 10 11 12
3 7 I 9 4 2 5 6

case1 7 0 mod13 is not a solution

case2 113 47 1111 mod N

I 3 4 IN ILI mod12

8th Lex 5 Land 12

9 In 3 Cand n

911 3 9 hod12

I a 1 5 9 land10
X 7 11 8 Land13

axecemod m
God a m c A godca.my4
god a.m to EHH






































































































30 Fermat's last theorem
Fermat'sLast theorem

x4 44 22 xy z ez has no sd

proof x y
4 22

let a x b y c z

atb c

x a st y b sit z Et
ist is odd and equal to a square
theonly squares mods are o n 1

in St I Imod4 set mod 4

YES E LS E Stt

EEE EYE
It 404 44 A X 1342 Eu

FEE 2 44 404 u z






































































































31 Square Triangular Numbers

8 00
def triangularnumbers

Mth triangular number Han ta myth

def square triangularnumbers

upA number both square triangular

ep 1 36

DEMIA 8 8n 4m44m

2 n 2Mt1 I

Let y 2h X 2mtl

Ly x 1 X 242 1

if x y is a sol to u X umtl odd

243
2 1 2m41 1 4m't4m

y witam even

you even

Thus set m u t we have neat
W de he






































































































i We can only consider the equation x y l

i n l n 6 are sol of n ME

YI YI are so to x y't

def Pell's equation
d D X dy 1

314 Square triangular
N 1 36

it I
I

YI YI
Consider 1 x 2y x Try xJay
Then 1 3 252 3 252 D

Taking square on 4 we get
12 3252 3 272 1 17 2 123

132 23.252 t 1254432 23.252 t 125 xx y 12 is a sol
I 1252 if 12J
33 3 3 Ja 3 3 12523 12533 33 3 3 Ja 3 3 125 a

99 7057199 705
99 470

d N






































































































Square Triangular Number Theorem

a Every solution in positiveinteger to the equation x ly I is obtained

by raising 3 25 to powers

That is thesolution ext yr can all befound by multiplying at
Xktyke 3 252 k k 1,2 3 i

be Every square triangular member n't mints isgivenby
m XII n 6 1 2 3

where to ya are thesolutions from a

proof

Show atV52 Stata by method of descent

If u 3 then V2

If u 3 then 7Cst st utv52 325 sttJ sat

I
tmrw

UtuTv 3 25272 qtrF WE1 202728 u IV

5 34 4V 35 4 V70
Ifs v73SstKt Jr UTA
qui 9 gu

v3 stet V ast't uh I s gu
202 Tu Since u 202 1

s Ju Yu t Tutu v Eu
s cu

in 3st4t
i n SCU







































































































32 Pell's Equation

Pell's Equation Theorem

Let D be a positive integer that is not a perfect square
Then Pell's Equation x Dy I alwayshassolutions in positive integers

of axe y is thesolution with smallest x then everysd kyle
can beobtained by taking powers KatyKID IX yJD

stay ix ya






































































































findnewsols

X Dy I

1 x Dyi CxityJD G yJD
1 1 CxityTD x yTD

Laxity D tax yTD exityip ZayTD
xity D 2xy D

a new sol xity D 2x y

ep X by l is Pell's equation

Consider 1 42 by x Jay x Fy K

Taking square on ex

12 1 53456 5343
x 34542JXy 1 431 253Xy
1 431 Wxyt 3

x2by 12 4






































































































33 Diophantine Approximation

ngat Pell's equation is 73,4
X DY

x yTD x yTD
x yJD XtYJD

Foranypositive integer y if we take x
to be int closet to yJD

Then lx yTDI is at most I
Tablefor D 13

always c I t

hot 1 I






































































































Pigeonhole Priciple
Consider multiples JD JD YJD
Writeeach multiples as sum of a whole mumand a decimal between027
OJD Not Fo with No 0 70 0 Pigeohdel I e te't
IJD N t F with N int Off El Pigeohdez f e t EY
YIP Ny with Ni int oe El Pigeon Y e tEY
9,4 1Ypigon EMA to D

Let Fm Fn be 2 pigeons in same pigeonhole men

Ifm FnlC'T
i mJD NutFm NTD Nn Fm
i MID Nm Int Nn at
linn Nm n m TD c f
i Na Nm E Xt n meat
i fry AMISE Ix yJD EEN
estimate y n m

i n m chosen from Fe F
i O e me n EY
i o
y EY

x y IER
oeyeY lx yJpl at

RAYEYLAVEYT TaHYE x y
Y largeenough lx yJPKY is false

in e ly

7 chl V






































































































Dirichlet's Diophantine ApproximationTheorem Version 1

Suppose P is a positive it that is not a perfect square
Then thereare repairsofpositive it ix y sit x y'D at

ex D 13

7 a pairs of mm ix y that satisfy lx yJB e4
14,1 17,27 111 3 118,5 36,10 119 33 1137 38

256,71 393109 n

Dirichlet's Diophantine ApproximationTheorem Version 2

Suppose 230 is irrational nun AER 2 8
Then 700 ix y sit Ix ya C'T

ex N tu

Smallest solution algorithm

17 Set ro JD a LroJ Eo a

2 check if Lao D is sol to Pell's equation
3 then set rn ray tan an Lrn

I
Ent aot a ta ay

847En Yn
4 check if can yn is sol to Pell's ey 9,72 BYE'D1

h at






































































































34 Diophane Approximation Pell's Equation

Find thesolutions to Pell's equation x Dy I
lx yJDl Hey'D C'T
ix y EYAK IxYIDEEN

ep P I
D Char33 If Lyfe Xu y 7 1119,33 are both sols

of x2 1342 4

9 I IIIs IIIs
2246513

I IT
4 E E is attaboy to Pell's equation x 1342 1

1 2,42 14159 3927

49 141514,3753 649 180513

x y 649 180

Why 41,37 114159.3927 861494183714

11 14169 mod8 3 3927 Lund I
4 1103413 4

Xi yi D yo X2 mod xi yi D






































































































Pell's EquationThem

Let D be a positive it that is not a perfect square
x Dy I must have a sol in pos int

Xk ykJD X t y JD
K Ke 1 2 3

proof

Show Pell's equation has at least I sot

ByDirichlet's Diophantine ApproximationTheorem

70 x y sit x YJ ey
Estimate the size of lx Py l lx yTPllatyJDI
lxYIP at
x is bounded by xcyJPtt
I XtyJD xD t YID ayJD t a3yJD
THERE Ix YTD
Ix Dy lx yJD byJp

CY 3yJD STD

Pell like equation x Dy M has a solutions

Xi Y X2Yu

A 2pairs of sol sit Xj XkLmdM Yj Yk mod M
pigeons

piles greythepairs A B OEALM OEB M

Xi A umodM Yi 13Cmd M OEA BCM






































































































35 Gaussian integers

def Gaussian integer
G theset ofGaussian integers

at bi a b ex e CI i F

Fundamental Theoremof Algebra
ofau ai ad be complex numbers with a to d71
Thenthe equation has 1 sol

Recall x at bi p ctdi to
iactbdstcadtbc.si

etdu we have division in 6

However if 2 BE G ie a b c d ez

Hp
Lactbdstladtbo

C'td
act t glide mightnot in G

It happens on Z as well

def Gaussian integer atbi a be 2
TheGaussian integer B cedi decides the Gaussian integer a atbi

if we can find another Gaussian integer r effi sit xp r

wtf Pk

Q Check if 341 is divisible by Hai
3 45
It21

13 42 i z
LI Li Lt25

3 It 8 41 3 2 i
1 t 22
E i G

I d al ut b






































































































Recall the division algorithm for it 21 a beZ b 0

Theexist q real o e Ir El bl sit a bqtr q LEI
r O E bl a unDA q u are unique

Gaussian Integer Divisionwith the remainder

Let x.pe G p 0
Then I 8 peG Oelp1 lpl.s.t2 potp where w at bite
IW Ttb
w New a'tb

proofof PA in G
Consider w f xtyi xyER
We canfind a be21 sit la x ed lb y let
Let r atbi p a por

NCE ft
typ

r p
W Y
L_tb a

La x t lb y
It
I 4

ByDA in G we can establish of properties ofgod in G
In particular we have a unique factorization thin

Every Gaussian it is a productof primes






































































































Gaussian Unit Theorem

The only units in Gaussian integers are Il In

These are the only Gaussian int that have Gaussian int multiplicative inverses

proof

Method i Let z at bit G be a unit

Bydef I w cedi to sit z W l

All we have are a b c d ez

I at bi Cadi Lac bd betad i

case1 a 0 boo bd 1
C o 641 i e Z Ir

case2 6 0 ado au l
doo a I i e z Il

cases a b 0 a

adtb o

a'debtb'do
b lamb d impossible since b a'tb

Methodv3 Consider norm of z
N z a2 b2 212

NCZW IZWT Lz E W W Nez New
NEENow EX non neg

Nez Nar I i e atb
I 9 0 6 11 Z ti

or bio a Il Z L






































































































Normalised

A complex number xtiy is said to be
normalised if x o yo

This is the replacement of positivity in integers real mum
Gaussian prime

A Gaussian integer is called a Gaussian prime

if the only Gaussian integerdivide 2 are the 8 numbers

IX Ii 2 I l Ii

We say at G is a normalized Gaussian prime if 2 at bi
2 is a Gaussian prime a o 620
x is a Gaussianprimeif I only has a diff normalised divisors in G

Gaussianpine Thin
Gaussian prime unit I l Ii er T 344 3 it
is It i

ii p p 3 mode

petmod 4 TBpig sumof 2 square iniiis avi

priti

deal






































































































How to identify Gaussian pines
Q Factor b in Gaussian integers 6 2 3

Mt For 2 Let 2 2 w a at bi w ctdi
2 Cac bd ladtbu
ac bd 2
ad bad

case azo or bro a ta th w l Ii

cases a 0 b o Ib Eldl
ac bda

i c I o adt bl

Ibd so

a'dtrbtb'd to
2b ca'tb'sd

a'to b o i lb c ca'tb 2 cab ldl Ib
We assume lb e loll a'tb 2

i a Il bit 1

Ma Note that 2 2 W

Toking norm NW Naw Nia Now
4 Nia NCW 4 1 3 2

case 1 N 127 4 NW
New I w is a unit w t l Ii

t
case 2 Nca Now L

i e ah b c d z a ti W ItiHiFi
The unique factorization fro in Gaussian it isYai
6 2 3 IHDE Hi L 5 Itv

I






































































































Remark

is If p is a rational prime prime in int

p 3Land4 p is Gaussian it

proof Toprove a Gaussian it a ti ti is a Gaussianpine
We cansay that if x p r p real
then one of p r is a unit
Assume p p r p r eG
Taking mum Nip NCB r Nip Nor p Nip Ncr

easel N43 or Nur I In thiscase we donotset any
factorization

cases Nys Nar p
att c dip here p at bi r cedi
However p 3undo

i p
is not sum of 2 squares

2 p
2
p l 1 Iti z

3 Letp be
odd national prime with petmodus

i p is sum of 2 squares
Claim Th and I are different Gaussianprimes

proof case 1 A E are Gaussian primes NIT a't b p
Similarly NLT att Cb atb p
Let E xp apt G
NLT Ncap p Na Nip
p is a prime Nia NLP EIN

Thus it is a Gaussianprint similar for E

case 2 Nip Ner p
a'tb c't d p

where peat bi P ctd
d I






































































































Gaussian divisibility Lemma

Let 2 at bi be a Gaussian integer

as If 2 NLa then Citi d

b If Tu p be theprime in Gaussianprime Thur ii 7

Then p Nia a a

c Let a atbi Fa bi beGaussian primes in Ciii A

of p La'tb Nca then either tuk or E I

proof
a Suppose 4Nia a b
Thus a'tb is even a bimodu

It implies Hlab Ylatb

I fit it latbijicatbi aybi bg it G

Thus Citi d

b Let p 3 land4
be an integer rational prime

Suppose PINK plants
case1 pla lov b

p iamb's pl Il a at atby p

p is a prime plb

t.pe
i qtp it G a p la

case2 pka or ptb
plaitb ab imodp b a modp

cat be I Lmdp pta a'a Imodp
F
petmod4

contradict

b IN






































































































Let p be an integer prime pNews
case p 2 Citi w byGPL

w is a product of Hi and a unit
caser p 3 mody a prime

plNews plw GDL

w is a product of p and a unit
case3 pel mod4 p U'tf

p Now Tyw or E W LGPL

w is a product of a ore and a unit

I






































































































36 Gaussian integers unique factorization

Division Algorithm for Gaussian DA

Let 2 pea 1340 Then thereare Gaussian integerD and P
sit prep Nip eNap

O a b a i 13 7 32

Find 2 Gaussian integers 8 p sit
2 138 p Nip C N43

1377 5 33444.7 373 i

5.75 t 1lol N

Then let a 6 5 1 8 atbi bti

Then P 2 138 137 55 2 35 Gti

3725 14237 1877
37 55 139 25

2

NLP 2.2 4 N437 745 18

The Unique Factorization Than in G
Let LEG There exists a unique expression a a Tt Tied

where u is a unit Il Ii

g gg

Tui The are distinct normalized Gaussian primes






































































































Common Divisor property
Let a p be Gaussian integers xp 0

S be the collection of Gaussian integers AxtBp ABEG
5 AxtBp a PEG

Among all of the Gaussian integers in S choose an element gaxtbp
hasthe smallest nonzero norm
o Ncgs Ni AntBp HABEG AxtBp 0 g la glp

poof We use PA for G to divide a by g
a got p O eNips Nig I p t 47

p a g r

2 Lastbp 8
LI a 8 at L br p

i I ar b r e G pts
Nip Nig Pts
i
By theminimality f g Po g la
Roeg p D

In ring theory an element it is called irreducible if
Tea B 2 p ER a ring Then either a oup is a unit

Me J all the divisor f tu are units ou tux units






































































































GaussianPrime Divisibility Property

Let it be a Gaussian prime 2 p be Gaussian it
if a xp a pea Then tuk or typ

proof

Apply prevproperty on a t giantbtv gla gla
Tu irreducible

cases gin a unit

A p
up gp axptbp.tv
p cuta aptutibp e
4213 Area sit 213 8 tv

i p cutartutbple alp
caser g utv u is a unit

g a 7804 2 98 uts Lube
i Th 2

Cor

If Tu is Gaussian prime Tu ditz te Kit G leith
Then TuKi fi






































































































def Rin

Let ne N Runs be the number ofways to write n as a sumof
2 squares

O Howmany ways n can bewritten as a sum of 2squares
Use Gaussian int
Assume n A t15

LAY B CA IB

NCAtiB
n is a sum of 2 squares n N K LEG
Thus ofways that n is a sum of 2 squares LEG NK n

n Nia At B CA iB

Legendre's Sumof 2 squares Thm
Let meIN n zip prerq.fi gets

where
p Pr 1 mod4 q

E qs 3 land4

o if I lejes f Ej modusRen
ace ertl otherwise

4 D Ds






































































































ex R 527

5213.4

Thus 12152 21 14 16 tb 4

R152 4 4 8

ex R165

5h1 65 13 5

Il 18 18 Il IT 14 14 IT

R1657 4 4 16

Inv 65135

2 3571235 H2 FLI

Ati BLA IB
Atv13 2 37 Hai II Ii 4

235 1 25 II II 4

1232 1 Zi II II 4

237 H2 II IV U

Ingeneral Let it LAtiB CA IB

Thechoiceof Atik cannotbe random

if Teatbi TT a bi ti AtBi Ie A Bi

Thus notpie pre qt qts p limody 9 3 undo
Litistiti TEet tetter qt qts

Thus thenumber of choices ofAt B is 419 1 ertl ertl

I I






































































































41 Cubic Curves EllipticCurves FPA H
def ellipse

An ellipsecurve E is givenbythe equation oftheform y x'tax bite

3 sample ellipse curves

F y x 17
Ez y X x

E3 y x 4 2 of

Mordell's Theorem

Let E be an elliptic curvegiven by E y x'tax bx te

OE 4a'c tab 463 270 18abc 0

Then there is a finite list ofsols Pi x y Pr ar yr
thereexists an expression P Pi Piz0 Pis

Than

Theonly point withrational coordinates on the elliptic curve
Ez y x x is the point x y 10,07

Siegel's Than

Let E beelliptic curve E y x'tax't bit c ab ut 21 OE 0

Then there are only finitely many sols in x y






































































































To find the rational point toy on E

we can use two rational solutions P O to produce one rational solution

R IX y Fone p

tansy's
É ix y's

Q How to solve quadratic equations in 2 variables in rational

Assume we have a rational solution

ex Find all rational solutions to x4y
F ab

slope E at
11,0

conversely let 2 be a line through 14,0 witha rational slope meal

L y mCxtD
LAcircle x math I

x m 1 42 1 I
Lm'tDx't x É o





































































